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INTRODUCTION
The calculation of the two-dimensional steady flow of a
compressible fluid past a prescribed body can be performed
by a method independently discovered by Janzen (reference
1) and by Rayleigh (reference 2), which consists in developing
Lbe velocity potential or the stream function according to
powms of the stream Mach number. The first approxima-
tion is the incompressible case and the succeeding approxi-
mations represent the effect of compressibility. The method
has in recent yeare been successively improved by Poggi
(reforenca 3), by Imai and Aihara (reference 4), and by the
present author (reference 5). Although the method can be
applied to an arbitrary profile, it stiem from the practical
restriction to small stream Mach numbers, because approxi-
mations beyond the second or third entail a prohibitive
amount of labor.
For the flow past a profile of small thickness, camber, and
angle of attack, Prandtl (reference 6), Glauert (reference 7),
and Ackeret (reference 8) obtained by various means an
approximation that applies to the entire subsonic range of
velocity. The present author (reference 9) extended the
method of Ackeret by an iteration process that takes intc
account the effect of thickness and applied the method to a
particular family of symmetrical profiles. In the present
paper, the effect of camber is investigated by a similar ap-
plication of the method of reference 9 to a circular arc
profile. In the application of the method, it is desirable tc
avoid stagnation points so that the variation of the local
velocity from that of the undisturbed stream can be made
smrdl. )?or this reason the direction of the undisturbed
stream is chosen parallel to the chord of the circular arc
(ideal angle of attack) and the circulation about the profile
A CIRCUI&t ARC PROFILE
is determined in accordance with the Kutta condition;
namely, that the flow past the profile leave the trailing edge
tangentially. The flow is symmetrical fore and aft and the
velocity remains finite at all points. The circulation in a
compressible flow will be seen to be an odd function of the
camber coefficient. In order, then, to obtain an improve-
ment of the Prandtl-Glauert rule, it is necess~ tc carry
the iteration process through three approximations.
THE ITERATION PROCESS
The velocity potential @ (X, Y) of the tmc-dimensional,
steady, irrotational flow of a c.ompreible fluid satisfies the
following differential equation of the second order:
(L?-uq g–2uv *Y+(C%3 $=0 (1)
where
X, Y rectangular Cartesian coordinate in plane of flow
a+ fl~d Vdocity corn orients along X- ~d
u=% “m $Y-rcm3,rmpectiv y
c local velocity of sound
The 100al velocity of sound c is expressed in terms of the
fluid velocity g by means of Bernoulli’s equation
the equation defining the velocity of sound
(2)
(3)
and the adiabatic relation between the pressure and the
density
(f%)E=L ?-’PI
In equations (2), (3), and (4),
p static pressure in fluid
p, static pressure in undisturbed stream at infinity
p density of fluid
pl density of undisturbed stream at infinity
g magnitude of veloci~ of fluid
y adiabatic index (approx. 1.4 for air)
For the adiabatic case, equation (3) yields
(4)
(5)
By means of equations (4) and (5) Bernoulli’s equation,
equation (2), yields the following relatiom:
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(6)
where
U velocity of undisturbed strenm at infinity
c1 velocity of sound in undisturbed stream at infinity
M, Mach number of undisturbed stream at irdinity
Now, if tho profile is held iixed in the uniform stream of
velocity U and if a characteristic length s is assumed to be
the unit of length and the stream velocity U is assumed to be
the unit of velocity, the fundamental differential equation (I)
rmd the first of equations (6) become
( a::Y+($-”@%=O‘7)$–MI%L2) g–2Lf,%w—
and
(8)
where X, Y, u, o, q, and + now denote, respectively, tho
nondimensional quantities X/s, Y/s, u]U, u/U,g/U,and +/Us.
The iteration process consists in developing the velocity
potential # in powers of a parameter h, the cnmber of the
circular arc profile. Thus
l#=-x-hf#,-h’& -h?&– . . . (9)
and
~=_1_ha4] J@kh3&& . . .
ZiZ– ax I
When these exqmssions for ~, W,and w,together with tho
expresion for &/cla given by equation (8), are introduced
into the fundammtal diilerantial equation (7) and when
the coefficients of the various powers of h are equated to
zero, the following clifferential equations for +1, A, A, . , .
rwult:
These dtierential equations may be put into more familiar
forms by the introduction of a new set of independent vari-
ables x and y, where
x=x
y=/3Y }
and
/9=(1 -M,q’fi
For 111<1, equation (11) then becomes
&d equations (12) and (13) become
(14)
a Laplace equation
Poimon equations.
Equation (11) replaces the fundamental differential equation
(7) for flows that dii& only slightly fkom the undisturbed
stream, and its solution yields the well-lmown Prandtl-
Glauert result. The solutions of equations (12) and (13)
provide successive improvements in the approximation to
the solution of a compressible-flow problem.
For the present problem, the procedure to be followed in
solving equations (11) to (13) is first to obtain the veIocity
potential for the incompressible case in the form of a power
series in the camber coefficient h of the circular arc profile.
The solution for the fit approximation 4, of the eompresible
flow is then obtained by analogy from the form of the coeffi-
cient of h of the incompressible velocity potential. The solu-
tions of equations (12) and (13) for the second and third
appro.simations A and & follow by a straight-forward pro-
cedure. The boundary conditions-that the flow be tangen-
tial to the profile and that the disturbance to the main stream
vanish at iniinity-are satisiied to the same power of the
camber coefficient h that is involved in the approximation
for the velocity potential +. The calculations are laborious
when more than two steps in the iteration process are in-
volved but the third step is necessnry to obtain results that
extend present-day knowledge. Most of the details of cal-
culation are given in appendixes in order not to obscure the
presentation of the main resuh.
RESULTS OF THE ANALYSIS
Expression for the veloei~ potential,-The choice of the
circular arc m the solid boundmy wna made for two renaons:
(1) The solution of the incompressible flow oan be easily ex-
pressed in a olosed form, and (2) when the circular arc is
fixed in a uniform stream flowing in a direction parallel to
the chord and when the Kutta condition-that the flow leave
the trailing edge tangentially-is applied, the velocities at
the nose and the tail are finite and different from zero. No
stagnation points occur, therefore, on the boundary or in the
field of flow and a greater degree of accuracy in the itemtion
process is asanred. Appendix A contains the calculation of
the incompressible flow pad the circular arc proille and ap-
pendixes B, C, and D oontain the detailed calculations for
@I, % ad % r~pectively. The iinal expression for the
velocity potential @ takes the following form:
d=–cosh f COS q–l@l–h%x–h34w– . . . (15)
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where, from equation (B9),
41=; (e-’~ sin 2~–2~)
from equation (C13),
*= (2D[(Jy+ l) D+4]fe-~+2De-3E
+2{3–D+D[(7+l)D+ 4]}e-~) cos v
( :(
1
)— F T+l)De-E+# 12+12D—D[(Y+1)D+4] }e–a~ cos 3V
and from equation (D18),
~=g,(t) Sin2?j+a,(~) sin 4q
–[m(o) +4 MI171
In these equations
(?1(4), Q2(~), and (7($) functions of ~ given by equations
0312), @13), ~d (D19), respectively
t, v elliptic coordinates related to rectangular Cartesian
coordinates X, Y by equations of transformation:
x= X=cosh ~ COS q
y=/3Y=sinh g Kin q
The circulation correction formula.-Equation (15) rep-
resents the solution of the fundamental differential equa-
tion (1) that satisfies,the boundary conditions at the surface of
the circular arc profile and at infinity insofar as the terms
inclusive of the third power of the camber coeilicient h are
concerned. Each of the expressions d,, A, and A are ob-
tained in closed form and are finite for all valuea of the
stream Mach number Ml from zero up to but not including
unity. The Kutta condition, which determines the circu-
lation uniquely by stipulating a finite velocity at the sharp
Yr
0= x-
B’ x’
-0,0
L7
u
trailing edge of the circular arc, yields the following circula-
tion correction formula (see equation (D36)):
‘1–P72(8+51F):=;+[; ~2++(7+1) p
++(7+1)’ (1;7~s(3Hm]h’ (16)
where l?. and l?f are, respectively, the circulations in the
compressible and incompressible flows. The incompressible
circulation ri is proportional to ,.thefirst power of h so that
the compressible circulation 17.is u odd function of Ii. The
second approximation of 17.is therefore identical with the
first approximation and no departure from the Prandtl-
Glauert rule is obtained until the third power of h is included.
This result explains why the simple l?randtl-Glauert rule
for’ the effect of compressibility on the circulation or lift of
an airfoil haa been very satisfactory.
For comparison, a formula analogous to equation (16)
has been obtained by appl~g the von K6rmfi-Tsien ve-
locity correction formula to the circular arc proiile. From
reference 10
~ _ l—p
@ l—pq?
where
q. velocity of compressible fluid
q, velocity of incompressible fluid
[
Ml
J‘= 1+(1 —i1412)~2
By an elemen~ integration around the circle, correspond-
ing conforrmilly to the circular arc, the following relation
is then obtained:
r l—p
[
1—pm ~sz ~
fi=4& sm23 [1—2p~2(l+sin2 6)+p Cos’L5]~~
1+p~z co& 6
–[l+2p~*(l+sin’ 6)+/.’ Cos’ a]~‘1
(17)
where the angle 6 (see fig. 1) is related to the camber co-
ticient h by means of the equation
tan a=2h
Y
c
A
2m B x
-.?a,o
u
mm I.–bfappfngofdrcnlararcWOclrck!.
..
.— A. .
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Table I gives values of the ratio r~r~ for various values of
the stream Mach number and the camber coefficient h,
calculated by means of equations (16) and (17). Figure 2
shows the graphs of I’@f as functions of Ml for various
values of h. The curves based on the von K&rmtin-Tsien
velocity correction formula lie between the Prandtl-Glauert
curve and the curves based on the promnt analysis. Figure
3 shows the graphs of rJri as functions of h for ~nrious
values of Ml.
The velocity correction formula,-The magnitude of the
velocity of the fluid at the surface of the circular arc is given
by (see equation (D38)):
~-2-$-(,-1) (+7+4 [;+(,-1) (1+)7 Sill’0]g=l+~ sin ?l+h
+h’~ [–~+G1(0)+2WO)] sin 9+8 [–~+2/3(2D+3)+G, (0)] sin 38}+ . . .
where cos 8=x and OS 8= T for the upper side of the arc, —zS t?s Ofor the lower side of the arc, and
(18)
(?,(0) =-f+12P+:D($+1019)+~ @@X7+Q (j+19B+17@+ &91W+0’(48+47D)
If qe and q, denote, respectively, the magnitude of the velocity at the surface of the profile in the compressible and the in-
compressible cases, the velocity correction formula is
%= !7
q+ l+4h sin ~—tis COS 2rY-8h3 sin @ (19)
where g is obtained from equation (18). At the leading or trailing edge, 8=0 or O=z,
!L=’-’2K++1YG’YIYI
qf 1—4hz
At the position of maximum velocity, 8=;
1+*+W%= [-8+3 (;+1)+3’($-1Y]+Q3’-2’’Q)+Q+
!zi l+4h+4hs-8hs
At the position of minimum velocity, 8= —~~
%= 1-$+h’[-8+3(++1)+3’(+-1) 1-4h3’-2’(~+5)+@1(oJ’
qi l—4h+4h9+8h3
(20)
(22)
Tables II to IV give values of the ratio g&t based on equations (2o) to (22), respectively, for the first, second, and third
L)
approximations. Figure 4 shows the graphs of Q —1 w functions of Ml for the three approximations for various valuea
fmas
of the camber coefficient h.
The critical velocity q=, defined as the value for which the velocity of the fluid equals the local velocity of sound, is
obtained from the tit of equations (6) by putting g=c=g~. Thus
The values of q= are given in table V in the column for which the local Mach number is unity. The ratio q=/g, is easily
calculated for the various approximations. The graphs of only the third appro.simation of ~– I are included in figure 4.
Table VI lists the first, second, and third approximate values of the critical stream Mach nu’rnbarMa) and figure 5 shows
the corresponding graphs as functions of the camber coefEcient h.
The graphs of the third approximation of the maximum and minimum values of g., obtained from tables III and IV,
are shown in figure 6 as functions of the stream Mach number Ml.
figure 6 are obtained from equation (8) by introducing the local Mach
Thus [1 1/-2~+&3fz= y—l 1T+F
The constant local Mach number lima shown iri
number M in place of the local velocity of sound U.
(24)
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Note that equation (24) becomes equation (23).when M= 1.
Table V contains values of g for various values of M and J4,.
A comparison of the results of reference 9 on the compressi-
bility effect of thiclmess and the results of the present paper
on the compressibility effect of camber is of interest. For
this purpose, a symmetrical shape of reference 9 was com-
pared with a circular arc profile with the same incompressible
mrmirnumspeed at the surface. Results of this comparison
a for several corresponding thickness and camber coefhients
me given in table VII. The dashed curves in figure 6 are
associated with the various symmetrical shapes. For
moderate valuea of camber and thickness the difference may
be seen to be negligible over the entire subsonic range. This
observation indicates that, at least to a very good approzj-
mation, the effect of compressibility in the subsonic range cm
be considered to depend explicitly only on the incompressible
fluid velocity and the stream Mach number and to be
independent of the shape of the profile. This result there-
fore substantiates the use of veloci~ correction formulas
such as the l?randtl-Glauert, the von K6.rm6n-Tsien, the
Temple-Yarwood, and the Garrick-Kaplan (reference 11)
formulas, which depend only on the incompre&ble fluid
velocity and on the stream Mach number.
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In general, the velocity q at the surface of the circular
arc profile may be written as follows:
g=l+alL sin 8+h’(a2+aa Cos20)
(25)+h’(a, sin 0+% sin 38)+ . . .
where, from equation (18),
4
a4=4 [–;+ G(0)+X3*(O)]
~=g [–;+z~(z~+a)+~,(o)]
Values of al, a~, as, ai, and as for V~OUS ~~ues of the S~EXLm
hlach number MI are given in table VIU. As an amrnple
of the behavior of the velocity distribution over a circular
arc profile as the stream Mach number is varied, the case of
h=O.05 with ikfl=o.3, 0.5, and 0.7 is calculated and com-
pared with the incompressible case. The calculated values
of the velocity at the upper and lower surfaces of the circular
arc profile, h=o.05, for the various vahms of .iW are given
in table IX and the correspond~ velocity-distribution
cnrvcs are shown in figure 7.
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The pressure coeftlcient,-In the case of a uniform flow
past a fixed boundary, the pressure coefficient is defied as
From the third of equations (6) it follows easily that I
QP. M,=& {–I+~+&W,2(H)]*} CM)
l?or the incompressible case, MI=O,
C,.,=1–g
For the sonic case, q=g~,
{[ 7-]2+ (y —l)Ml :1(%4.=*2 –1+ 7+1
For the limiting case of absolute vacuum, M= o and I
(GM,)..= -*2
Table X gives associated values of the velocity and the
pressure coefficient UPXI for various values of the stream
Mach number ikfl, and figure 8 shows the corresponding
graphs. By means of table X and figure 8, the velocity
readings horn figures 6 and 7 cm be replaced by the corre-
sponding pressure coefficiem%.
LANGLEY MEMORIAL AERONAUTICAL LABORATORY,
NATIONAL ADVISORY COMMITTEm FOR AERONAUTICS,
LANGLEY FIELD, VA., Jdy 16, 1944.
APPENDIX A
DETERMINATION OF THE COMPLEX POTENTIAL FUNCTION W
THEINCOMPRESSIBLEPLOWPASTA CIRCULARARCPROFILE
Consider the mapping of a circle C’ in the Z’-plane into a
circular arc C in the Z-plane. (See fig. 1.) If the center is at
(O,m) on the Y’-axis and the circle passes through the
points (a,o) and (–a)O) on the X’-m”s, then the Joukowski
trcmsformation
z=z’+g; (Al)
maps the circle Of in the Z’-plane into a circular arc C in the
Z-plane. The equation of the diicular arc is
‘+(’+=9’=(*Y (A2)
The parts of the circle C’ lying above and below the X’-axis
correspond, respectively, to the upper and lower surfacea of
the circular arc C. The end points A and B of the circular
arc are the points
X=&2a
and the maximum ordinate is
Y=2a tan a
=29n
Tho camber coefficient h is defined as the ratio of the masi-
mum ordinate to the chord, or
The complex potential of the flow past a circular cylinder
of mdius R fixed in a uniform flow of velocity U at zero angle
of attnck and with a circulation I’ is given by
“=-+”+oao~% (A4)
where
Z“=Z’—ia tan ~
.
I?or the purpose of the present paper the circulation I’ must
bo so chosen that the stagnation points on the circle C’ lie
at the points X’= &a corresponding to the leading and trail-
ing edges of the circular arc C; that is,
r=8Tuah
With this value of the circulation inserted in equation (A4)
and with Z“ replaced by Ii&, the complex velocity at the
surface of the circular arc C becomes
sin O+Sin6
% -2iue-*@ 1—2ZW sin 13-& (ef’+i sin tt)’
The magnitude of the velocity is
=dwwlfi
!l (9(7!zB
= U(1+2 sin 8 sin a+sin’ a) (A6)
It is recalled that the upper surface of the circular arc is
traveraed in a clockwise sense as o goes from —6 to r+6
and the lower surface, as o goes horn —(r—~) to —6. The
velocity at the nose or tail is then given by
The maximum and rninimurh velocitie9 occur at 8=5 and
at 8= —~~respectively, and are given by
(A7)
EQUATIONOFCIRCULARARC AS POWERSERIESIN:h
The equation of thecirculararc, obtained horn equation
for the entire circle, is
Y=2m–7’+ (?–x’)’fl (A8)
mg+ag.where r=—
‘m 1sthe radius of the circle. Expansion of the
ra.diial in equation (A8) according to powem of X/r yields. .
lx’ lx’ l.r——— ——— ——
‘=2m–z r 8? 16P ““” (A9)
By use of h=%
=2h—8ha+32hs— . . .
Then equation (A9) becomes
‘=oa-3h+G’-9’3
“h’+. . .+(–16 ~+12 $–2 ~
)
(A1O)
Now, put ~=cos o and replace # and ~ by X and Y, B
spectively. Equation (A1O) then becomes
Y=2h sin’8+2h3 sin’2@+8h5 sin’23 COS20+ . . . (All)
and
~=–4h COS @–16h8 COS # COS 27?
–16h5 COS d (1+3 COS48)– . . . (A12}
393
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EQUATION OF w AS A POWER SERIES IN h
Consider equation (A4) with r=8~Uah and lP=a2(l+4h’).
Then
( 7
–– U Z“+az~~~-w— –MTah log g (A13)
=z’–2iah
Then by e.qanciing the right-hand side of equation (Al 3)
z+ (.Z?-4a’)’~according to powers of h and replacing Z’ by g
obtained from the Joukowski transformation (Al), it follows
that
DETERMINATION
By means of transformation (14), equation (11)
becomes
&@, tY@l_o
~+ *2
I
{w= – uz+2zizZ7h l–[Z– @4;$~’El’
—2 log Z+ (D–4a~lfl +2 }
. . .
If w/2aU and Z/2a me written, respectively, w nnd Z, then
w= —Z+ih { I—[Z— (.3-l)lqa
–2 log [Z+(.n-l)q}+ . . . (A14)
From equation (A14) for w and a corresponding equation for
the complex conjugate 75,the nondimensional velocity poten-
tial becomes
+=–x+$
~1
–[z–(%–l)lq’
+[z–(z–1)’q’–2 log z+ ‘%–1)1” + . . .
z+@–1)’fl t
(A15)
APPENUIX B
OF THE FIRST APPROmA~ON +]
for o,
(III)
A comparison of the expressionsfor@ given by equations (9)
and (A15) suggests the swunption
h=k {[z– (d–l)’@l’-p– @–l)lfq’
z+(z2-1)1~
+21% ~+ (~–l)m
1
@)
where z=z+iy, Z=z—iy, and k is an arbihary constant.
Site this expreiwionfor @l is the sum of a function of z only
rmd a function of z only, it satisfiesLaplace’s equation @l).
The arbitrary constant k is to be determined from the
boundnry condition
il$ dY b+
TX rx=TY
or
(B3)
The expression for d, insofar as the fit power in h is con-
cerned, is
~=–z–~
and, to the &t power in h, from equation (A12),.
The boundary condition, equation (B3), then becomes
=2ikh~ {[z– (~–1)’q’—l
+[ -–(TL1 uq2_l
( –l)m ~9–Jln }
(B4)
By definition x=cos t?, and from equation (Al 1), to the first
power in h, y=2Bh sin20. Hence, to tlw first power in h,
Z=COS t?+2ibh aid t?
~=COS t%2i/9h aid 8
$= COS2 t?+4@h sid $ COS 8
~=~$ ~—@h Sillz t? COS $
(g–1)’~=i sin ?9(l-2i/3h Cos0)
0)
The expression for the fit approximation of @ is then
“{[ H 12+=—$—g z—(d—1)~* — ?—(7—1)”*,$ .B
(1%)
This espreseion for 4 can be simplified considerably by
introducing elliptic coordinate .! and T. Thus, let
z=cosh ~ (B6)
where
~=~+;q
Then
z+iy=cosh (~+iv)
=cosh t cos q+i tinh f sin q
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SOthat
Z=cosh ~ Cos11
I
(137)
y=sinhtsinq
Equation (B5) can then be written
#
U -zr_e-~r+2 loger-~)(lM3)
= –; (cosh ~+cosh ~ –~ (e
or
~=–cosb Scos q-$ (e-* sin 2q–2q) (B9)
From a comparison of equations (A15) and (B6) note
that, if I’f and I’. denote the circulation in the incompressible
case and the compressible case, then
r._ 1———
ri B
‘(1–i&)’~ (B1O)
Equation (B1O) is the well-knowm Prandtl-Glauert rule
connecting the circulations (or lifts) in the incompressible
and compressible cases.
In order to utilize equation (B9) for the calculations, the
equations of transformation (137) must be inverted. Thus,
From equations (3311),
2 sinh2~=–6+ (b2+4&)ln
2 sin*q=b+ (z)~+4&)l@ }
where
b=l–(d+y’)
By means of~transformation (14),
2 siuh*f=-b+ (b*+4@Y’)lfl
2 sin~=b+ (bs+4f12P)l~
where
b=l-(X2+/3’Y9
(B1l)
(B12)
In terms of the complex variables ~ and r, the velocity
components in the direction of the coordinate axe9 are
Let @ be given by equation (B8); then,
v=4he-~ Cosq
(B13)
(B14)
Now, to the first power in h, at the boundary,
[=0
~=fl
Hence, if q, and q, denote the magnitudes of the velocity at
the surface of the circular arc proiile for the compressible
and the incompressible cases, respectively, then
gi=l+4hsint? j
or, when h sin r9is eliminated,
where
fi=(l-Mlq~’
Equation @16) represanh the velocity
for the Prandtl-Glauert approximation.
can also be written as follows:
(B15)
(B16)
correction formula
Equatiom (B15)
(3317)
Since the Prandtl-Glauert approximation is strictly true for
infinitesimal disturbances to the uniform stredm, equation
@l17) may be replaced by the differential coefficient (from
reference 11)
(B18)
.- — ..-. . . . . ..— —-— —
APPENDIX c
DETERMINATION OF THE SECOND APPROXIMATION +2
By means of transformation (14), the symbolic relations,
$=’(2-9 t (cl)
I
and the equation of transformation (B6), z=cosh f, or ~= cosh ~j differential equation (12) for & can be expressed in terms
of the compla~ variables ~ and ? as follows:
When the expression for A obtained from equation (B8),
+,=* [e-’r–e-’i+2~]~]
is introduced into the right-hand side of equation (C2), the following diilerential equation for & results:
.FinrLlly,by putting ~=f+iq and ~=t–iv,
a’~ 2PA
@F+ aq2—=4~({–[(7+1)– (7–3)Pl@+4@e-3t} cos q+ (7+1) (l–lP)e-~ cos 37)
The righ~hand side of equation (C3) suggests a solution of
the form
f#4=~l(0 ma q+.1’,(f) Cos371 (C4)
By substituting this expression for& into equation (C3) and
by equating the coefhients of cos q and cos 37 to zero, the
following differential equations for F,(~) and l“(~) are
obtained:
@&Fl=41–@ ~{ –[(7+1)– (7–3)&l@+4Pe-*} (c5)
,
-$$’-9F,=4(7+l)(&~e-~ (06)
(C3)
(C8)
where Al and As are arbitrary constants to be determined by
the boundary condition at the surface of the profile. The
other two arbitrary constanta are taken equal to zero since
F, and F, must vanish at infinity.
In terms of the variables f and q, the boundary condi-
tion (133)takes the form
The solutions of these equations are I @(cosh ~ sin ~ ~+SiIIh ~ cOS~ ~) (Cfl)
Fl=21~&{[(7+1)-(y –3)&lte-~+@e-3~ +A,e-E} (C7) I where the velocity potential @ has the form
396
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4 j (e-’~ sin 2v–2q)=—cosh ~ 00S v——
(Clo)–N(F, Cosq+ F.. Cos3?+r2q)
and where l’a is an arbitrary circulation to be determined by
the Kutta condition at the trailing edge of the circular arc
profile,
In order to make uqe of the boundary equation (C9), the
various functions of ~ and q appearing in equation (C1O)
must be expressed as functions of 0 evaluated at the bound-
ary. From equations (All), and (A12), the boundary and its
slope are now given by
y=2@sin2d+89h3sin20 cod 0+ . . .
dy
& =–4Ph COS 8— , . .
At the boundmy then, with X=COS~,when powers of h above
the second are neglected,
6=1–(&+#)
=sin2 t3-4&h2 sin4o
Then, from equations (1312)
sin2q=sir? @(l+4~2h2 COS2@
COS2q=COS20(1 —4@h2 shlz @
sin ~=sin 0(1+2 /32hSCOS2 @
COS ?l=COS tY(l-2/Yhs SiIf @
SiIlh2 $=4&h2 sing 8
COSh2 [=l+4B2hz sin2 T3
SiLlh ~=2~h sin O
cosh f=l+2@h2 aid #
e-t=l—z~h & ~+2&’h2 s~~G
~=2/3h Sill 0
When these expressions, with equations (C7), (C8), and
(C1O), are utilized in the boundary equation (C9), the
following results are obtained:
The value of the arbitrary constant I’, is determined in the
following way. The magnitude of the velocity, when terms
containing powers of h higher than the second are neglected,
is ~VeIl by
or, in the variables f and q,
From equations (B9) and (C1O),
,——,
and
A=F1 cos 77+F3cos 3q+I’av (C13)
where Fl and Faare obtained from equations (C7), (C8), and
(Cll). At the bonnda~, equation (C12) becomes
q=l+$ sin&+ha { –2-$-(7–1)(+7+ 4 [;+h-l)(+f ] sin20-&J + .-. (C14)
The Kutta condition at the trailing edge O=r requires that the velocity be finite; therefore, r, must be zero and the
comprcasibility effect on the circulation (or lift) is again given by the Prandti-G1auert rule.
If gc and q{ denote the magnitudes of the velocity at the boundary in the compressible and incompressible cases,
respectively, the velocity correction formula i9
(C15)
where Og 0 ~ r for the upper side of the circular arc and
—r ~ o ~ Ofor the lower side of the circular arc. %= l+#+h2[-8+3(++:Y+3’(+-lYl (C17,
Then, for the leading or trailing edge, 8=0 or 0=7, !Jf (l+2h)
d-h2K++Y+’(H3
!7i— 1—4N
For the position of maximum velocity, 0=~>
For the position of minimum velocity, ~= –~,
(C16)
&=1 %+h2[-8+3(++lY+3Y(i-lYl OS)
!li (1–2h)2
.— . . . . ..—. ——
APPENDIX D
DETERMINATION OF THE THIRD APPROXXWATION I#IS
The clifl%rentkl equation-’ (13) for b can be expremed in terms of z and Z by meanz of tranaformotion (14) and the
symbolic relationz (Cl). Thus
{
1–B’ 14~.=T Q[(7+1) (1—m+413’l(&+Azi) (@122+4&)+ (7+1) (1—P) (f#k2+41dhAz
+[(y+l)(l–~+zfl[(k+ti) (d%++=)+ (dlz+dd (b.+AGJl
+2[(Y+1)(l+ F)-2f?K@1z+&I)&
–2p[(4J,:-1#*9 (I#Jl=-dd + (4%-$%?) (k-k) + (412–411) (f$’sx-f$’=)1}
(Dl)
where, for example,
W#’
&ti=~-
The expression for @l, obtained from equation (B5), is now
.
I@l=* [2– (~–
2+ (z’-l)l~
l)~q’–[z—(Z’-l) ~+2+2 logz+ @’_~)l/2
I
(D2)
Introduce new complex variables A and X, where
X=2+ (z’-l)l~ :=2— (z’-l)l~
1(D3)1==+ (2 —1)1~ *=Z— (Z—l)lfl
The relations between the complex variables ~ and X and the
complex variables ~ and t, respectively, are
~=er ~=e7
}
(D4)
~~=~v ?=e%
x
Then
(
––+2–2 log +41=2+ ; )
(D5)
Similarly, the expression for h, obtained from equations
(04), (C7), ((38), and (CII), is
A=2(D–E) %X log xX+D ‘&x+ (–3C+D–5E) ‘%x
where
398
()~=_7+l 1—6* 2——4 b’
and
C–; D–; E=l
From equations (D5) and (D6) with the use of equation
(D3), the following relations are obtained:
~=–++
$51==$ &
( – 1 &~ log h$-2D -~
4% =4(D–E) y+–—
A8—2A3 1
+2(3 C–ll+5iE) &+2E A~(AZ– 1)
–6C As(x’—l)
[
&.=8(D–E) —(A:!sl)s log Ax–?w +?(A– A) ]— x(v-1)~
and expressions for the corresponding conjugate complex
quantities
When the foregoing cxpreasions are introduced into
equation (D 1), and when equations (334) are used to express
the various quantities in terms of the variables : and q, the
following differential equation for & is obtained:
.
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:$: ~=[(A,’+B,2t)e ‘~+ (A42+B/f)e-*+ (&2+ Ba2~)e-~ +A82e–~+A10*e–1~] sin 2q
+[(AJ+&%)e-~+ (A..44+B’%)e~+ (~’+ll~t)e~+ (A$+B$f)e-~+A,/e-’~ +Al$e-’~] sin 4q
+[–Cl(&+e-~–2e~) +C2(#+e-~+2e~)]t~~~ e-*’~ sin 2nq
+[2Cl(#–l+e-*+e~) –2C,(e3+ l–e-~–e~)]:fl~ne-h~ sin 2nq
+[-Dl(#-2-4e-%+ 6e-u+3e+-4e-~)+ D,(4e`~-7&+2+6e+: -9e*+4e-SE)
+D3(&f+2-4e-Q-6e-’E+ 3e*-4e-Q) –D4(4e*–3e~–2+2e+f +3e~-4e-*)]&e-~af gin Znq
77=3
+[–2D1(e~–l–. ge-%+2e_&+e-M-e+t) —2D2(2eW—@t+3 +2e-2E-4e+C+3e_W -e-W)
+2D3(#+l —2e-~–2e-*+e~+e-~) +2D4(?d~—e~–3+2 e-~–e-~+e-Q)]~ne-~E S~ 2nv (1)7)
where
~22 =–96~D–8/3D’(7+ l)(5D+9)-2@Y(Y+ l) ’(7D+8)
A? =80~D(D+l)+8~lY(y +l)(6D+l)+131Y(y +l)2
4’ =–192@D2–32f?~(~ +l)+12~~(Y+l)2
A8? =–60@Y(y+l )–15191Y(7+l)’
A,$=96~D2+48@Y( Y+l)+6@Y(Y+l)’
A,’ =13D(7+1)’(15D+8) +413Dly+l) (7D+9) - ,
A“ =96@Y–16j3~(Y+l )-10@ Y(y+l)2
~’ =48/3~(y+l)-8~~ (~+1)2
AR’ = –224/S~-1619~(7+1) +22@Y(7+ 1)’
A,$=–84/3~(y+l) -21/1~(~+1)2
A,04=128@’+64/31Y(Y+ l)+8@Y(Y+l)’
B*’ = –8@[(Y+l)D+4]2
B42=–12/31Y(y+l)[(y +l)D+4]
B63=16@Y[(~+l)D+4]2
B,+ = 12/3D(Y+l)[(7+l) D+41
B,’ =–16~~[(~+l)D+4)2
B$ =–20fID(y+l)[(~ +l)D+4]
n-3
B: =24pD’[(y+l)D+4]*
c, =419D2[(7+l)D+21 [(7+l)D+41
o, =8~~[(y+l)D+4]
D, =4 f?lY[(Y+I)D+2]
D, =~D(Y+l)[(y+l)D+2]
D~ =8BD’
D4 =2/31Y(Y+1)
Note that
B8~=–2B,’= –B:=; B:=2AE’=; A,o’
and
B,’= –B*4=~ B~=$ A,O~=; A~z
The righ&hand side of equation (D7) suggests a solution
of the form
~= Q,($) sin 2n+ 02(0 sti 4ZI+a~~@m(.f)~ 2nq (D8)
When this expression for & is inserted in the leftihand side
of equation [D7) and the coeiiicients of sin 2q, sin 4q, and
sin 2nq are equated to zero, the following diilerential equa-
tions for G(E), Gj(f), and G.(:) result:
~ –4G= (A,’+B,’Oe-~+ (A.?+B,’~je-*
+ (A/+ B/f) e-~ +A~e-~+Al/e-’~ (D9)
0??G2
—— 16G2= (A*4+1124/)e-*+ (44+B,4Qe~+ (&4+ B0’E)e-~+ ~A$+BgAi)e-*:+Al$e-lw +A~’e-l%d~2 (D1o)
~– (2n)2G,={4(D,–D,) e*+[–D,–7D,+D,+ 3Dl+ (– CI+C~)H@+2(DI+D* +DS+D,)+[4(DI-D~)+ (–a~+~):]e-%
+[–6D,+6D2–6D3–- 9D’+2 (CI+ @f]e*+ (—3Dl —9D~+3Da—3D’)e-~
‘ +4(D,+D,+D,+D,) e-8~]e-'`E+{-4(D, -D4)e*+[-2D,+10D, +2D,-2D`+2(C,-C,) ~]@ -
+[zDl-GDa+zDt-GD` -z(CI+G):l+[@l-lD*-as+ ~`+z(-Cl+C~)fIe-q
+[–4Dl+8D*-4D8+ 2(C,+C2)g]e-*+ (–2D,–6D,+2D,–2DJe-~+ (2D,+2D,+2Ds+2D,) e-8~}ne-2n~(Dll)
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The solutions of equations (D9), @lO), and (D1l) are as follows:
@l(E)= –; &’&’&- (
; A/+& Bs
) ( )
2 .Ee-Q+& B4’&*+& Bl~e-~+ & A“+& B,’ e-’~
)+(+ ~’+~ B~’ e-~+~ A/e-*+& A1/e-’~+kle-%
(D12)
.
where the following relations have been utilized:
(71-’5’2=4/3~(7 +1)2+ 16/3~(7+1)
C,+ C2=4@’(Y+l)2+32 @’(7+ l)+64@’
D,–D3=4@(’y+l)
D2–D4=@Y(7+l)’
Dl+Dj+D~+~4=@(~+ l)’+8@’(~+l)+16@’
where
, r. 7
(D14)
The arbitrary constants k,, k~, and &(n > 3) are to be deter-
mined by the boundary condition at the surface (the bound-
ary condition at iniinity is taken care of by putting equal to
zero th~ other set of arbitrary constants that normally appear
in the solutiona of linear second-order ditlerential equations
with constant cmflicients). It is now anticipated that the
arbitrary constants k%are independent of n and equal to k,
say. Then
Q=k+@’(y+l)2e’f+ L L -1‘@k(’Y+l)2+@’(7+ 1.)J @–@’(’Y+l)2e-q+ ~B~(Y+l)2+B~(7+l)–2B~ e+
.
.
The expression for the velocity potential @ is now
@=–C09h f COS~–h&-h2~-h’&– . . . (D16)
where, from equation (339),
+l=~(e-~ sin 2?–27)
from equations ~C3), (C6), (C7), and (C1O),
49= (2D[(Y+W+41 &e-E+2De-3E+ 2{3–D+D [(7+ 1)D+4] }e-f) cos 71 (D17)
( )
— ~(-r+l)~e-~+~ { 12+12D—D [(7+ l) D+4]}e-3~ cos 37
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where
‘=?’
where Gl(~) and (7’(4) are given by equations (D12) and
(D13), respectively, and (3(5) can be written
+~KW’E-~~Ke-’E+&Ke-’E+k (D19)
with
J=@’(T+l)’
K=@Y[(7+l)D+4]2
~K=@3(’y+l)[(7+l)D+4]
The arbitrmy cmetants kl, kz, and k appearing in the expres-
sions for Ql, Q1,and (7, respectively, are determined by the
boundary condition at the surface of the circular arc protile.
The value of the arbitrary circuhdion I’s is determined by the
Kutta condition at the trailing edge-that the velocity there
be finite.
In order to evaluate the various terms appearing in the
boundary condition, equation (C9), the following relations
are neceamry: from equations (All) and (A12)
y=/3(2h tin’0+8h3 sin’ ~ COS2 @)+ . . .
‘y– @ C,os 0–16@3 COS ~ COS ~t= . . .
dx–
From equation @12)
b=sin’ &fP(4h’ sin’ &+32h4 sin’ d COS2 8)+ . . .
Si.Ilh &=2Ph sin r? [l+4h* COS2 &—/9zh2(2COS2 ~+sin’ 0)]+ . . .
cosh ~=1+2/9’h2 sin’ 8+ . . .
d=] +2/3h sin 0+2 f12h2sin’ o
+2@hs & ~ [4 ~osz &__& (2 cos’ @+sin4 $)]+ . . .
e-E=l—z@ sin ~+z~h2 &’ &
—2@h3sin ~ [4 COS’ T.%~2 (2 COS’ ~+sin’ 0)]+ . . .
[
:=2~h sin 8+2 Ph3sin8 4 CO# 0
–/3’ (: sin20+2 COS%+SW8)]+ . . .
~ q=sin 8 (1+213’hz COS2@)+ . . .
COSq=COSd (1—2@2h2sin’ ~)+ . . .
When the expression for @ given by equation (D16) is
substituted into the boundary condition, equation (C9), the
coefficient of hs on the leftihand side is
{@[(Y+ l) D+4]-4P+6@} COS&
+{ –2PD[(T+l)D+4]+ 29–5@} COS 30
+{ BU(T+W+41+2B-13Y cos 53 (D20)
and the coefficient of hs on the right-hand Fideis
@ [–+ D+;D2–:D’(Y+l)–YD%+l)-W7+l)2-~ D’(T+1)2+ ‘+k] MM 8 “
29 D (7+1)+; L%+l)’+; Dw+l)’+(-k’+; “-k)] Cos30+@[13+ y D –; D’+: D’(7+1)+~
+@[-7-@+@'(7+l) +D(7+l)+:D(7+l) '++ D(7+l)'+(-2k;+2k)] Cos58
In obtaining expression (D21), the following relations were utilized:
d(72
()z,
=419D2+6@’ (y+l) –4/90 (7+1)+; 19D (7+1)2+ % B=’ (~+1)2—4h
d
(9
d~ ,=(-I
(D21]
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By equat”mgthe coefliciauts of cos 8, cos 38, and cos 58 appearing in expressions (D20) and (D21), the following equations
for the arbitraqy constants k,,k,, and k are obtained:
(D23)
29 ~(~+1)–; D’(Y+l)’-~ 0(7+1)’ (D24)~ (–k,+2k,–k)=–~ [(T+l)D+41+&18-~ D+; D’-; ~(~+1)–~
- –2kz+2k)=~ [(7+l)D+41+>+6+ 4D-4D’(7+0-~(7+U –~ ~(y+l)’–; m(~+l)’;( (D26)
Note that the sum of equations (D24) and (D25) yields equation (D23), so that these equations for kl, kz, and k arc not
independent. Hence, one of the constants, say k, ia entirely arbitxary. It will be seen in the following discussion that the
arbi&mv disposal of k is necessaxy in order”th& rio iniinite velocities occur on the circular arc profile. -
Th~ vel~city components aIo~g the X- and Y-axes are given by
ad 2
‘=~~cosh 2~—cos 2T(
sinhfcosqaE~—cosh ~ sin T~;
)
a~ 2/3
(
a4
‘= FY=cosh 2~—cOs27 )
coshtsinq~+sinhgcos~~
Along the chord of the circular arc profile, ,$=0; equations (D26) therefore become
1 a4
‘=—Gq &
~ a~
‘== TE 1
By means of equation (D16) for @ and the expressions for o,, A, and A, it follows easily from equations (D27) that
~=—~ —~ sin q+hz{ 12 cm 2q+D[(Y+l).D+4](2 cm 27—1) }
+ 1
~v [2G,(0) cos 2q+4G,(0) cos 4~+1’,]+& G(O)[–2 cos 2q–4 cos 4q–cos% + ~ + . . .
o=4h COS q+4/9hz(2D+3) SiIl2?
‘2”3Cos‘[(%)o+2(%)o+(ao(*-1-2cos2’~+2u(0)(1+4ws2’ l+~~~
At the trailing edge, q=r or sin v=O. Hence, according to
equations (D28) and (D29), an in.iiniteveloci~ seemsto occur
there. The Kutta condition at the trailing edge, however,
demands that the velocity be finite. From equations (D22)
it is seen that
(7%0
=0 so that the velocity component
o is ii.niteon the boundary. The velocity component u can be
ha
rendexed finite by showing that the coeflkients of - inSmq
equation (D28) can be made ti equal zero when q=O or r.
Thus, since the constant k occurring in equation (D15) is
arbitrary, it can be chosen so that G(O)=0. Again, if the
first cmiiicient of& in equation (D28) vanishes for q= r,
then the circulation constant
r,=–2a~(o)–4G,(o) (D30)
where @l(0) and @j(0) are given by equations (D22).
The arbitrary constant k has been determined by the
condition G(O)= O. From equations (D22), therefore,
/ -1
;=: D’(7+0’–: D’(7+1)+D2
(D26)
(D27)
(D28)
(D29)
(D31)
and from equations (3323) and (D25), respectively,
k, D—= — ~+12+~ D–; DZ+:D2(7+I)p /gz[(7+1) D+4]–A
+$ D3(7+1)+2D3(7+1 )’+$ D(7+1)’ (D32)
:=–~ [(Y+l)D+4]–&3-2~ +D’+2~’(Y+l)
–l%+l)+i D3(7+l)’+# D(7+1)2 (D33)
hTote that, had the incompressible flow past a circular arc
profile been determined according to the methods of the
present paper, a discussion similar to the foregoing would
have been necessary, with the result that kl=8, k’= –4,
lc=o,and rs=o.
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Substituting from equations (D21) for G,(O) and G,(O)
into equrttion (D30) give9
r3=—: pD–y Lwl’-f /m’(7+1)–+ /!?D’(~+1)
–~ pm(7+1)2–: pu (7+1)’ (D34)
The circulation r~ in the incompressible case, obtained from
equation (A5), is
Z%a=2h
The circulation 170in the compressible case, inclusive of
terms containing the third power of h, is obtained by add@
the circulation term from equation @9) to the value of
I’s given by equation (D34) and multiply@ the result by
4rUa. Thus, if D is replaced by l~*J
+* (7+1)2= (31+&)] h“
The circulation correction formula then becomes
(D35)
(D36)
The first term on the right-hand side is the familiar Prandtl-
Glauert term so that the second term repremnti the first
departure from the Prandtl-Glauert rule.
The magnitude of the velocity at the surface of the circular
arc proiile is calculated by the use of equations (D26). Thus
where, symbolically,
and the expressions for +1, @i, and A are given by equations
@9), (D17), and (D18). When all the functions of ~ and n
are expressed a9functions of & at the surface of the profile
and terms involving powers of h higher than the third are
neglected, the expr~on for q becomes
where, from equations (D22) and (D32),
a,(o)=–~ 4+12 P+: D (~+lOff)+~ PD’+: P(y+l)~+1919+17@+& 13D’(7+1)2 (48+47D)
rind, from equations @22) and (D33),
G~(0)= –~–3@–2D (;+p)–~ D’ (7+1) (;+2P+39D)–: 13U (7+1)’ (l+D)
If qoand q, denote the magnitude of the velocity at the boundary in the compressible and the incompressible
respectively, then the velocity correction formula is
!L=~
q~ l+4h sin t?-4h2 COS 28—8h3 sin&
(D38)
cases,
(D39)
where q is obtained from equation (D38) and where O~ 3 ~ z for the upper side of the circular arc and —ms O= O for the
lower side of the circular arc. For the leading or trsiling edge, 8=0 or O=T, the velocity ratio qJq, is again given by equation
(C16). For the position of maximum velocity, O=;,
%= 1+%+h2[-8+3($+1)+3G1)’l+4h3[-2’@+5)+@l(0)l
!ft l+4h+4hz-8h3
I?or the position of minimum velocity, 8= —~~
%= 1-%+h2[-8+3(++lY+3’(+-1)1-~3[-2~(@+5)+~l(o)l
!Z1 l—4h+4hz+8hS
.(D40)
(D41)
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TABLE 11.—RATIO oF VELOCITIES AT LEADING OR TRAILING EDGE FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOW’S
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TABLE IV.—RATIO OF MINIMUM VELOCITIES FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS
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.-- . . . ------
.9376
. .. . . .
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TABLE V.– VALUES OF FLUID VELOCITY AS A FUNCTION OF STREAM MACH NUhfBER FOR VARIOUS CONSTANT VALUES
OF LOCAL MACH NUMBER
I
v
~
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,20
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I
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TABLE VI.-VALUES OF CRITICAL STREAM MACH NUMBER FOR VARIOUS VALUES OF CAMBER COEFFICIENT
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First Second Third
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TABLE VII.-VALUES OF MAXIMUhf VELOCITY FOR CORRESPOND~TG BUMP AND CIRCULAR ARC PROFILE
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VALUES OF THE COEFFICIENTS a,, a,, u,, Q, AND a, OBTAINED FROM EQUATION (25)TABLE VIII.-
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1X.—VELOCITY DISTRIBUTION AT UPPER AND LOWER SURFACES OF CIRCULAR ARC PROFILIJ,
rl 9
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TABLE X.—CONTVERSION FROhI FLUID VELOCITY q TO PRESSURE COEFFICIENT C=, ~], FOR VARIOUS VALUES OF STREAM
hIACH NUMBER M]
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